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.

theoreticalsolutionis Presentedi’a the determinaticmof
the combinationsof directaxiaistiessand.torsionwhich cause
thin-walledcylinderswith eithersimplysupportedor clampededges
IN bucUe. This theoreticalsolutionis used in cm$mcticm with
availabletest data to developempiricalcurvesend formulasfor use ~
in design. G3mpariscmsare madewith”theoreticaland empirioal
solutionsobtainedh otherinvestigations.

INTRODUCTION* —.

The determinationof the cml)inationsof directaxialstress
and torsionwhich causethin-walledcylindersto buokleis treated
in the presentpaper. Cyltidersin torsionbuckleat a stress
slightlyless than the theoreticalstz?ess(reference1) and cylinders
in compressionbuokleat a stiessconsiderablyless then the
theoreticalstress(reference2). It thereforeappearsthat the
theoreticalsoluticnwouldbe in good agreementwith the e~ertiental
resultswhen the bucld.tigis due n@nly to to?xcicmbut wouldrequire
modificationswhen thebuclilingis to any appreciableextentdue to
compression.

IWpiricalapproachesb the problemhave beenmade previously
(references3 b 5) and interacticmformulashave been proposed for
use in design. !Iheseformulasare somewhatUmit-d as ta the range
of applioabflitybecauseof the limitedrange of dtiensiansof the
test specimens.

In the presentpapertheoreticalinteractioncurvesare deriverl
(appendixA), the test data of references3 to 5 are re-examined,
end finallyapirical interactioncurvesand formulasthatare
rational modificationsof the theoryare develuped. The present
resultscan thereforebe used overa much widerrange of cylinder

.-—. — .—
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dimensionsthancouldpreviouslyavailableresults. Sn the analysis
givenhereinth6 theoreticalresultsare firstdescribedand.then
modificationsare introducedto bring the resultsintoagreementwit~
availableexperimental.data.

..

S3MBOLS

Integers

radiusof cylinder

thicknessof cylinderwell

displacementof pointon mediansurfaceof cylinder in
axial (x-)direction

displacementoi’pointon mediansurfaceof cylinderh
circumferential(y-)direction

displacementof pointon mediansurfaceof cylinderin
radialdirection;positive

axialcoordinateof cylinder

circumferentialcoordinateof

outward

cylinder

flexuralstiffness

Young’smodulusof

lengthof cylinder

of plateper unit length
(12;t:.J

elasticity

operatordefinedj.nappendixA

(

~2 ,—-
curvatureparameter. xVl - H2 or & @9

coefficientsof termsin deflectionfunctions
.

k5fi2D
~hear-stresscoefficientappearingin equation T = —

L2t

.
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% direct-axial-stresscoefficientappearingin
k#2D

equation ax = —
112t

[) 2+ WZ24~=&(n2+P2 1-n2~
ti4(n2+ ~2)2

()R~ eq?

u
R~

th

()
Rx

exp

0
Rx

th

Vw~Y.~

p=~.

L

w

C7x

T.

empiricalshear-stressratio (ratioof shearstresspresent
to empiricalcriticalshearstressin absenceof other
stresses)

theoreticalshear-stressratio (ratioof shearstress
pre~entto theoreticalcriticalshearstresein absence
of otherstreeses)

empiricaldirect-axid.-etressratio (ratioof direct
axial stresspresentto empiricalcritical.direct
,axielstress in absencqof otherstreeses).

theoreticaldirect-axial-stressratio (ratioof @Lrect
axial stressyresentto theoreticalcriticaldirect
stressIn absenceof otherstresses)

deflectionfunctionsdefinedin appendixA .

halfwave lengthof bucklesi~ circwnferentialdirection

Poissonfsratio

directaxialstressin cylinder
. .

shearstressin cylinderwall

34 ,4_+=a&___-e ay4

wall

V-h= inverseof ~, definedby V-4 d’$f= w
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RESULTSAND DISCUSSION ~

Theore.ti.calintenaction curves. -
axialstresswhichcausecylindersto
the equations

ksfi%~=——.—
L2t

and

when the stre6scoefficicmtsks and

The combinationsof shearand.
bucklemay be obtainedfrom

kx are lumwn. The

theoreticalcombinationsof ehear-sta?essand axial:stress
coefficientsfor cylinderswith simplysupportedor clampededges
are given%y interactimcurvesfor a numberof valuesof the
curvaturepammeter Z in”figuresl(a) and l(b),respectively.

For.smallvfiuesof Z} whichdescribevery shortcylinders,
the interactioncurveshave verticalpartswhichare discussedin
somedetailin reference6 and in appendixB of the presentpaper.
At slightlylarger valuesof Z the curveshave the generalshape
of a parabolaend at stilllargervaluesof Z the curvestmd to
straightenout. Computationsshow that curvesplottedin stross-
ratioformfor simplysupportedcylindersare substantially
independentof the valueof Z from Z = 30 to at least Z = 1000,
the .Iargestvalueof Z thetwas checked. Such interactioncurves
werenot computedfor cylinders.@.thclampededgesat largevalues
of Z; however,at largevalues of 2; the criticalstressesin
both shearalone@ in compressionaloneare s~bstantial.ly
independentof the typeof edge support.‘The interactioncurve
thereforecan reas&ably be assumedto be almostindependentof
the typeof edge support. The interactioncurvesfor cylinders
havingvaluesof Z greaterthan 30 with eithersimplysupported
or clampededgesmay be approximatedin the compressionremgeby a
straightlinefrom (Rx~ti= 1 to (Ra)ti= 1 end earlyin we

tensionrangeby a straightlinehavinga slopeof -0.8 passing
ttio~h (Rs)th= 1 (seefig.2). The denominatorsof the stress

()
ratios R8’

()

.
and Rx are the criticalstressesf~ torsion

th th —.
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alcmeand for axialcompressionalone;which~y &e”obtainedfrom
the.theoreticalcurvee,of“ffg~es.3 and 4, takenfrom references1
and-2,,respectively;The theoreticalinteractiondata thathave.
been computedare givenin,tdle 1.

( )~2
Very long cylindersin torsion Z > about10— bucklewith%2

tio @&wuferential halfwavesantithe curvesof figure3 no longer
apply (seereference1). The curvesof figure4, which describe
,~e local.instabilityof cylinders,do not applyto very long
cylinderswhichfail as Euler columns(Eulerbucklingoccursfor

Z‘> about7 .F+ for shyly supportedcylindricalcolume). The
t

pres”mtpaper is solelyconcernedwith shortend moderatelylong

cylitiders- say, 2< y.?~“”.

Empiricalinteractioncurves.-As cyiindersof moderab or
largecurvaturebucklein compressionat a stressconsiderablylese
than the th oreticalstress,

z
the curvasin figuresl(a) and l(b) and

the interacion data of”table1 must ha modifiedto giveresults
applicableto actualcyltiders. The requirementthat for large
veluesof Z the empiricalinteracticucurveshouldagreea~roxi-
matelywith the theoreticalcurvenear the ks-axisand yet cross
the kx-axi.sat only a fractionof the theoreticalkx-intercept

suggeststhe use of a curveof the paabolic type in the cc?npresshn
range. Availableexperimentaldata indicatethat the analysis “-
requiredto detezmtiethe type of parabolamost satisfactoryfrom a
theoreticalpoint of view for each particularcyltnderis not
Justifiedfor practicalpurposesbecauseof the scatterof the test

2+ {RxJe& = 1pointsand that the use ot the stipleparabola Rs
U e-

is satisfactory.

The-simplepara%olicinteractioncwrveis ccmplet&y determined
when the interceptscorrespondingto pure torsionand pure compression
are known. These interceptsmay be obtainedfrom the empirical

--

curvesof figures3 and 4. The empiricalcurvesfor cylindersunder
compressionwere obtainedfrom reference2, end the empiricalcurves
for cyltndersunder torsionwere obtainedby fairinga curvethrough
the testpointsgivenin .re~erence1.

,.. ,,,..- .-,.
References1 and 2“&@cate that &eo& an~”&&&iment are in

gooda~eement for eithertorsionor compressionalonefor very
shortcylinders (Z:sl for,simplysupportededges~a 2s5 for
clampededges). lh theserangesof Z, therefore,the theoretical

.,

-.— ..__ _.



,6 NAC?Al’NNo. 1345

interactionc~ves (figs.l(a)and 1(%))end valuesfrcm table1
may bo used. At lergervaluesof Z parabolicln_$eractionourves
with interceptsobtatied.from the empiricalcurvesof figures3
and 4 are recatnmendedfor use In the compressionrange.

Xn the tensionrange the theoreticalinteractioncurveemay be
expecteato be in reasonableagreemegt“withexperimentalresults
because axialtensiontendsto minimizethe effectsof initial
eccentricfttes,which are generallycmistdereato be responsiblefor
the largediscrepanciesbetweenthe tlieoreticaland the experimental
valuesof criticalcompressivestress.,Therqfore,underccmbined
tbrsionand moderatetensfa - that“is,the tensionrangefor which

—

computesresultsare available- a conservativeappboximatlonto.the
bucklingstresswhichmay be used for the designof cyMn&er6 cd?
moderatior largecurvat~e is a straightline. This straightline
has ‘thesameslopeas the theoreticalinteractioncurvein the
tensionrangema passesthroughthe pointcorresp@iing tO bmkling

of a cylinderin torsionaloneas obtainedfrom the empiricalcurve
of figure3.

,.

ImERAcmfxI?ORMOLAS

On thebasis of’the precedingdiscussionof the interactim
curves,the criticalcanbinationsof lxwsicmand directaxial
stressfor thin-walledcylindersof moderateor largecurvature
may be expressedapproximatelyIn stres~-ratioform by the following
si.mpleformulas●

Theoreticalinteractionformula~.- Theoretic@.interaction

3?
formulas for 30< Z < 7 ●7p- can be e~ressed by the following

equations: for shearand compression
~: (Q#),

(%)ti+$X)tll = ‘ (1)
.— .-

,,
..

ana for shearand moderatetensim
(-1~ @)tic o), ‘

()Rs ()+ 0.8 Rx =’i
th .th ‘

(2)

.

.
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The theoreticalcriticalstressesof oylinderein tarsicmaloneand
cylimlersin axialcompressionalonecan be obtaineaby the use of
figures3 and 4, res~ectivel-y-Figure2 showsthat equations(1)
anti(2)are fairlygood approxtiationsto the theoreticalresults.

EmpiricalInteractionfor&QJ.O- Npirical interactionformulas
can %e expressedby the following equations: for shearend

compression (0< (%)em< 1),

()
R~

2

()
+Rx =1

exp exp
(3)

ana for shearard moderatetension ,(-l~(%)ti< O)J

{R.) “+ o,8&_\” = 0.9” (4)
\::/~ ..

Equation (3) is valiawhen “2< Z

supported.edgesend

edges;equation(k)

when 5<Z<

is validwhen

\ %’th

i+
< 787r~ for cylinderswith simp~

30 CZC7.F$ for

with Chnlpea

cyljnders

with both simplysupportedand clampedcages.

The emoiricalcriticaletressesof cylindersh torsicmalone
&d cylindersin axialcmnpressionalonecan be obtatiedby the use
of figures3 ma 4,”respectivelYaAt value~ of Z< 30 the
theoreticalsolutionmay be used for designpurposesin the tension
range.

.

COMR.ARISGNOF EMPIRICAL YNTERAC!TIC3’?RESWXN3”WI~HTEST

MTi FRCM O’FRER INWLSTKiXf!XGNS

The accuracyof the empiricalresultsis checkedby a comparison r
with testdata in figures5 end 6. h figure5 testdata obtained
from reference3 for celluloidcylindersare givenfor several
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selectedvaluesof Z. Each cylinderwas buckledseveraltimes
underdifferentcmibinationsof tirsionand axialstressand the
resultsare yresentedd.irectly in stress-ratioform. Thesestress
ratiosare baseduyon tie observedcriticalstressesof the
cylinderin torsicmaloneand in axialcompressionaloneand
thereforethe resultsserveas a checkonly on the shapeof the
interactioncurveand not cm the actualstresses. lh figure5
the assu?qybimof a parabolicinteractioncurveis shownto be
slightlyconservative.The parabolicinteractioncurveIn
figure5 correspondsto themore ccmeervativeof two formulas
suggestedin reference 3 by Bruhn, and is the seineas tie formula
suggestedby BaJ3.erstedtand Wagner (refermce5) for the
compressionrange.

Test datafor severalvaluesof Z obtainedby Bridgetin
reference4 for thebucklingof brass and steelcylindersunder
couibinedtorsim and axialstiessare plottedin stress-ratioform
in figure6. Becausea differemtcylinderwas used for each
combinationof loads,the data showconsiderablymore scatter
than thoseof reference3. The reductionof the datafram stresses
to,stressratiosby the use of the empt:icalcurvesof figures3
and 4, however,providesa checkon the accuracyof the points
correspondtigto sheeraloneand compressionaloneyhich is not
providedby the testdata of reference3. The empiricalinter-
actim curve,also shownin figure6, liesnear the centerof
the ratherwide scatterband.

Ballerstadtand Wagner (reference5) testeda numberof very
thinbrass cylindersundercombinedtorsionend tensionend
concludedthatfor the”designof cylindersundersuch loading
conditionsthe followingequationmay be used:

()R8 ()
-I-0.5RX =1

exp exp
(5)

.

.

.

.

Resultsobtainedby use of equation(5) appear to be in V&Y
satisfactoryagreementwith experimentalresultswhen the
equatim is used in conjunctionwith the formulasgivenin
reference5 for ‘bucklingin pure cmpressicm and pure tension;
whm equation(5) is used M conjunctionwith themore accurate
valuesgivenin figures3 and k, however,the equatim is very

.

.
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uncomervative. The testdata of reference5 compare favorably
with the presentrecommendeddesigncurveswhm. the stressratios
are reconputedbyuse of the e@rical cviticalstressesgivenin
figures3 ~ak.

LangleyMemorialAeronauticalLaboratory
NattonalAdvisoryCommitteefor Aercneutics

LangleyField,Vs., Maroh 20, 1947
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K&DIXA” “ :
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THEORETICAL

Equationof equilil@um.-The—-
EItr9sswhichwill causea cylinder

SOLUTION

ccmbinaticmsof shearana axial
tobuckle may be obtainedby

solvingthe follow% equationof equilibrium(seereference‘7):

Et .-4 a%+ ~~t .&, #-w .0
Dd%r + — V

3? a+ ax by + ‘Xt W
(Al)

where x end y ere the coordinatestidicatedin the following
figjure:

.

Divisionof equatim (Al)by D givesthe equaticm

(A2}
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where the dimensionlessparameters Z, k~, and ~ are definedby

Equation(A2)can be representedby

Qw=O

where Q is deftiedby

.

.

Methodof solution.-Equation(A3)may be solvedby using the
Galerkinmethodas given in reference8. Xnthe applicatim of this
method,equaticm(A3)ie solvedby the use of a suitableseries
e~sion for w as follows:

In equation(A4)the

individuallysatisfy
satisfythe equation

functions VI, V2 ...TJ. WI, V2 ..*WJ

the boundaryconditionson w but need not
of ecjuillbrium.
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The coefficients~ end ~ are then d.etermtiedby the equations

2X b

‘H

vnQwdXay=o
00

2Lb”

Jf
WnQWdXdy=O

00 1

where n = 1,2)3, St.

(A5)

The boundaryconditionsconsideredin the presentpaperare
as follows: For simplysupportededges,

a2w—= V=O, and u is unrestrained;
‘“al?

and for clampededges,

>Solutionfor cylinderswith simplysupported.e
followingtnfiniteseriesexpansioncan be used to representexactly
the displacementw in the case of cylinderswith simplysupported
edges:

.

..—

m U3

W=s+f 1 ~*qz+cosy E b’@iIl~ (A6)
El .. m=l

.

.
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where k is the half wave lengthof the’bucklesin the
circumferentialdirection, Expression(A6)is equivalent
equation(A4)if

Substitutionof expressions(A6]
integrationover the ltiitsindicated

.J

snd (A7)into
give

13

to

equaticas(A5)snd‘

1’“n‘n’+“)’‘“in’)’-“k:

(A7)

[

.

% (n’ +p2)2+-J** .
1fi’(n’+~’)’n’kx-‘Ehn’:n”’“o.-

W

.

(A8)

where

II s 1,2,3, . . .

Equations(AS)have a solutfm in which the coefficients~ and
the,coefficients~ are not all zero,onlyif the following
determinantvanishes:
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.
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o
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(A9)
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wher6
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By a reamengementof rows aa~ columw, the infinttedeterminant
can be factoredinto the productOr twomutuallyequivalentinfinite
subdeteminants. The”ertticalstressmay thenbe obtainedfram either
subdeterminantin the followlngequatia-:

a6 . . . .b5

o

0

0

0

0

0
●

,*
,

0

~
21

0
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.
.
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The ftistapproximaticzn,obtalmd from the second-order
determinant,is

The second
determinant,is

given ‘by

approximaticm,
givenby

olhtmneti frcnn the third-order

%%S3

‘:= ($Y% + 6.h3

(All)

(A12)

The thirda~roxbnation,obtainedfrom the fourti-order
determinant,Is givenby

+ Ml~M3M4 = o (A13)

mqy be foundin the various

(AH), (AU), ad (Al,) for
Because a structure bucld.es

The shear-stresecoefficientks
app~oxin&tionsdirectlyfrcm equations
W $iventiues of Z, kx, ~d ~.
at the loweststressat which-instabilityoccurs,the valueof ks
is foundfor a seriesof valuesof ~. The minimumvalueof ks
for the givenvaluesof Z and kx is thendeterminedfrcm a plot
of ks agatist p. Table1 showsthe convergmce of the variow
approximationsfor ks..

Solutlonfor r.yMn&erswith clamped etkes.- A proceilure‘”
similarto thatusetifor cylinderswith sti@y supportededgqsmay
be followedfor cylinaerstith clampededges. The deflection
f’uncticnused ie the followingseries:

.

.

.

-.. .
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Cmqy,risonof equatim (AZk) wit.@.equation(A4)shows
that

.

7

[’
(A15)

W. = co” R: Cos .1IlxLQ21z,co8kiw
L L,- .

where n = 1,2,3, . . . .—

When operationsequivalentto thosecarriedout for the case
of simplysupportededgesme perfomned,the followingsimultaneous
equatims result:

‘,



l’or n=l
.

For n=2 -

where m t n is odd.

Forn=l

For n = 3,4,5, . . .

1°
2

-ka~’m
[

)2
(m + 1] 2

[
2

(m - ;)L1(n - & - (m - ~); -1(=+ 1)2,- (m + 1)2 - (~ . ~)2
ma _ ‘1

‘(m+ Y); -(n+~)2 ‘0

m

.—

.

G

-(A16)
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and

19 . .,

The infinitedeterminantformedby theseequationscm againbe
rearrangedso as to factorin’~ the productof two mutuallyequivalent
infinitesu%detemninants.The vanishingof one of thesedeterminant -—
leadsto the followingequation:

n=l

n+

n=s

n=4

n=~

n&

r

a3 a5 b6

-*M3 1472

s 315

32’ -~M4
s

o 1376
i 1155

● ●

✎ ✎

✎ ●

!l%mfirstapproximation,obtained

● ● ●

o , .

● 8 ●

is givenby

‘~= ($)2(% +

..6

*e.

● **

.*8

=0

● .*

.**

● **

(A17)

f mm the“second-order determinant,

%)( ‘)Ml +-M3 (Ai8)
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The secondapproximation,obtainedfrom the third-order
determinant,is @ven by

The thirdapproxim@tim,
detezmlnant;1s givenby

‘Sf@(%)-(?%)(.4$]2

obtainedfrom the fourth-order

‘ L?Y(% + J$(M3 ‘ %) + (%)% + “3)[~ + M4)

. .

- @)(%P2@3 + q - ‘(%)(L!jj)M3@fo + %?)

. . - 2(?%%)M3(% + ‘0 + +&w%) ‘(%)(%.+

.+ ;yotf’ ‘ “4) + %MJ ~l@3 + “J + M3q = 0 (’20]
—

.

As jn the solutionfor cylinderswith eimplysupportededges,
the value of .s has to be minimizedwith respectto @ for given
valuesof Z and kx. ,Table1 showsthe resultsor the-various

.

.

.

.

Comparisonof presentsolutionwiti_urevioustheoretical
solutions●- b figure7 the solutiongiv.jnby I&mm (reference9)
is comTaredwith the presenttheoreticalsolutionfor cylinders
with simplysu~portededges. Althoughthe valuesshownfor Kronmrs
solutionare obtainedfrom small-scalecurvesand are therefore
approximate,good agreementis indicatedbetweenthe resultsof

“

referente 9 and the presentsolution.

“

—.
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h figures 8(a) and 8(b) the reetits of the presentpaperare
comparedwith thoseof Leggett(refOrence10), Th~ large
discrepanciesseen in figures8(a) and8(b] are believedmainly
due to the erroneousaesuupthn in reference10 that the theoretical
interactioncurvesare perabolicand - in titecase of figure8(b) -
to the furthererroneousassumptionin reference10 thatthe cross
sectionsof cylinderswith clampededgesin axial compression
remaincircular.
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APPENDIXB

At low valuesof the curvatureparameter Z tie theoretical.
titeractioncurveshave verticalpartsat a valueof ~
comeepondingto ?mOld.ingb axialccxnpresslonalcme. (See
figs,l(a)and I(b).) Theseverticalparts inUcate that some
shearstressmay be appliedto cylindersat low valuesof Z
withouteny reductionof the caapressivestressnecessaryto
causebuckling, The valueof Z at which the verticalysrts
of the in.terRctioncurvesdisappearis the upperlimitof the
Mangeof Z for whichsubstitutionof the valueof kx for
pure compressioninto the expressionfor ke leadsto real
valuesotierthan zerofor kst

CYIWIez’s with Eti.mlvm,umortedeti=s.- Equat%n (All)
representsthe firstapproximaticmOf tbe critical.combinatims
of shear-stressand axial-s~esscoefficientsfor cyltiderswith
f3im@ysupportededges. When ks is equalto zero,theminimum .
valueof ~ which satisfiestie resultingequaticmis foiudby

sett~ Ml equal.to zeroanclis givenby o

!I!hie equation is

(In)

also obtdned as tie exectsolutlcnfor a simply
suppor~edcylinderbuokling in pure axialcompression(reference-!2).
The bucklepatterncorrespondingto the lowestbuc~ing load at
low vnluesof Z is thatfor which @ = O. ‘Thesubstitution
of j3= O intoequatixm(131)resultsin

One critical ccmbinatkm of atreescoeflt’icientsat low values
of Z is therefore

(w)

. --

—-

.

.
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J
7t4””

(B3)
ls~=o.

Anotherapproximatecriticalvalueof k~ can be foundfor

by substitutingthiS
letting 13 approach
of %. is

kx=l

valueof Is.
0.

%32=

From equaticm(~)

The Vel:e

2

(%(lfi 1-

it appears

into equation(AU) and by
of ks for the

that,when kx

= * mrlstmt;‘<g’ ‘s
~2

and for values of Z > —
jm’

foregoing.value

(B4J

has the value

in the following

for valueti

indicatedin equations(B3), lcs de~endsupon Z

manner: for valuesof

~2
of Z== ks= o;, ks is imaginary.

Comparisonof thesevalueswith equations(B3)indicatesthat the
interactioncurveshave verticalpartsfor valuesof Z in the
range

7?z<.—
fi2-

(B5)

Similarcalculationswith higherapproximationsfor ks give the

samerangeof Z for thisverticalpart so thate~ression (B5)
may be consideredexact.

.—. .....
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Cylinderswith clamped ed~es.- An
clampededgessimilarto thatusedfor

NACA TN No. 1345

analysisfor cylinderswith
cylinderswith sinmlv

supportededgesindicatesthat the first-zpproximaticnfo; “tie
irdxwactioncurvesgivesverticalpartsfor

~<2~

E
(B6)

Emressfon (B6),unlikeexpression(B5),ie not exact. Because
the firstapproximation,however,is very closeta the exact
solution when a substantial mount of compressionand littleshear
are present, expression(B6)represents a good approximation to
the exact result.

.

.

.
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‘TAmE 2.

THEORETICALCOMBINATZCWSOF SHE!IR-STRESSAND AXIAL-STRESS

COEFFICIENTSAND WAVE LENGTHSOF BUCKLES

First Second Third. I
z approximationapproximationkx .— approximationI

I
ks F kB P k~ ~1

Cylinders with simply supported edges ~ I
.

I
-1
0

●7
1.12
1.12

72
-1
1
2“
2.5
3
3.33

------
----.-
------

2.65
0

8.9
; .::

4:00
3●12
2.11
1.21

-4 11.95
-2 10.2

6,:6

‘f 4.21
3.04

z 1.78
6.66 .88

---- 6.64
---- 5.42
---- 4.26

0.94 ------
.86 5.41
.64 -..---

0 I--.-.-------I

------

0 ------ -------- -.--”-

1.15
1*O7

.89

.80
●75
.67
.62

8.12
~ .21
5.11
3.82
3.04
2.09
1.20

1.15
1.06
1 ●o

●97
.92 I

10 ●57
9.1
5.83
3.95
2,90
1.75

.86

1.3.6
1.1

.9

.80
975
.67
.62

1.42
1.35
1.16
1.06
1.02
.96
.93

8.10
--------
-------
------
------
------
------

10.57
--------
-..----
------
------
--.-.--
------

------+
-----

0.865 I
-----
--..-- i

-i

------

1.2
-----
----- I
---..-
-----
-----

=--l
1.42
-----
-----
-----
-----
-----

.. I?ATI~”ALADVISORY
COMMITTEEFOR &ERCNAUTICS
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TABIJ3 1 - Continued

TSKEW$TICAL COMBINATICNSOF S’EFAR-S’IRESSAND AXIAL-STRESS

COEFFICIENTSAND M&WE IJNGT5SCE’B?JCXIES- Continued,

30

Km

1000

●

First Second Third
approximationapproximationapproximation

I i t
ks

I $Iks I lq%{~
Cylinderswith simplysupyortededges

-lo
-5
5

10
15
18
20

-40
-20
20
40
60
65
66.6

-400
-200
200
400
~

650
666

21.20
18.12
11.62
8.18
4.79
2.36
.84

1.95
1.9
; :&5

1.6
1055
1.53

17.88
15●33
9.93
~.::

2:09
●77

51.0
42.5
25.2
16.2
6.8
4.5
3~5

277.0
;:; .;

.
99.0
75.6
51.1
36.2
30●o

2.9
2.8
2.7
2.6
2.6
2.6
2.6

;*;5

5:3
5,25
; .;;

5:6
5.65

41●7
34*9
20.8
13.2
5*33
3.0
2.2

224.2
189.5
11’j’.2
g.?

.
35.8
23.2
18.65

2.02
1.97
1..7$
: *y

1:55
1.53

3.1
3.2
2.9
2.75
2.7
2.7
2.8

2::
5995
6 ●m
; .p

6:1
5 ●95

I17.5 2.3
15.31 2.0

I-- .”-- -----

I
-------------------.--
.d. ..- * -=-.*

I------ -----

41 *o
34.6 ::;

------- -----

I--.--- --..-
------ 1 -----

I. ----- -----

==l.==-

1220.66 6.5
186.4 6.35
114.56 6.4
------

1
--------------------------------------

15.25 I7.0
I

.

.

NATIONALADVISORY
COMITTEE FOR AER(XJAUTIOS
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TABLE 3.- Conoluded.

THEORETICALCOMBINATIONSOF SHEAR-STRESSAND AXIAL-STRESS

COEFFIC133JTSAND WAI?XIENGTHSOF BUCKLES- COncluaed.

.—

Firstapproximationi Seconaapproximation
z % k~ I P k~ B

Cylinders with clampea edges

1 -b ●O 1; SJ 2.0 12 ●66 2.17
5.96 .715

::? 4:75 1: 4.73 .415
3●9 4.20 4.19 .275
4.1 3.36 0 . ---- -----

4.1 0 i 0 .---- -----

2 -4.0 13.18 2.03 u .69 2.19
6.U .72 6.04 .76

;:; 4.91 .45 4.88 .47
4.0 k.13 .255 4.12 .26

3,32
:::

0 ....- -.k-.
0 0 ----- ...-.

5 -5 14ST 2.24 13●59 2.4
6.66 995 6.56 997

i●2 4.86 *55 4.82 955
4.8 3.01 0 -“--- -----
4.8 0 0 ----- -----

10 -6 15.52 2.6 1).;: 2.8
4 6.96 1.2
6

I ,25
4.47 ●75 4:43 .76

7.2 1.X o ----- -----
762 0 0 . . . . . -----

30 -20 27.54 4090 25.44 5045
14 6.70 2.46 6.25 20&)
18 3.64) : ●;2 3.34 2.25
21,5 0 -* ----- “-. . .

NATICNALADVISORY
COMMITTEEFOR AERCNAUKCCS
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Figure 1,- Theoretical combinations of shear-stress and axial-stress
coefficients for buckling of cylinders



.- —

2.0. 1

Tension Compression

1.6
\\

1.2 T

(w+~ /

.8 L - @,)th + o.a~x)th = 1 \
‘ Theoretical

\

.4
@)th+(Ri)th= 1 ~

\

o
-1.2 =8 -.4 0 4 .8 1.2

(%)+~
NATIONAL ADVISORY

cOwMIE M ~~

Figure 2.- Comparison ofapproximatetheoreticalinteractionequation
and presentsolutionfor Z > 33.
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Figure 5.- Comparison of empirical interaction curve with test data
presented by Bruhn. 2.
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Figure Y.- Comparison ofKromm% solutionwithpresentsolutionfor
simply supportedcylindersof Z >100.
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Figure 8.- Comparison of Leggett~s solutions with present solutions
for cylinders.
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